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S U M M A R Y  

by L. I. Dorman, 
& Yu. G. ETosov 

The propagation of cosmic r ays  in in te rs te l la r  and in t e rp l a -  

ne t a ry  media i s  o f t en  viewed as a process of r e l a t i v i s t i c  p a r t i c l e  
d i f fus ion  on magnetic inhomogeneities [l]. Considered i n  the  present  
work are the  s c a t t e r i n g  p rope r t i e s  of magnetic f ie lds  of simplest  oon- 

f i g u r a t i o n s  H = const and H - r-I1 , t h a t  would be adaptable t o  the  

d i f f u s i v e  process o f  charged p a r t i c l e  propagation. Methods a r e  deve- 

loped f o r  these s c a t t e r e r s ,  u sua l ly  appl icable  i n  the  theory of atomic 
c o l l i s i o n s ,  t h a t  is, f ind ing  of the  e f f e c t i v e  d i f f e r e n t i a l  cro88 eec- 
t i o n ,  a d  also of t o t a l  cross  sec t ion .  

A two-dimensional case is considered, whereby charged par t ic les  
flow i n  a plane, and the  vector  of H is ec ted  perpendicular ly  

t o  t h a t  plane. 

* * *  
Effec t ive  v- - Different- ia l  Cross Sect ion of Charged P a r t i c l e  

- S c a t t e r i n g  byl ---- a U n i f o r m B n e k 4 9  - Field.  - 
theory t h a t  a t o t a l  s t a t i s t i c a l  c h a r a c t e r i s t i c  can be given t h e  process  
of  c o l l i s i o n  with the he lp  of the e f f e c t i v e  d i f f e r e n t i a l  c ross  s e c t i o n  

db (see f o r  example C23). For the  case of two-dimensional s c a t t e r i n g  

It is shown i n  the  c o l l i e i o n  

66 has the  form 

da = ( d p  I d e )  de, 

where p is the  impact parameter; 0 is  the  angle of s ca t t e r ing .  
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. 2 .  

We s h a l l  compute (1) f o r  a pa r t i cu la r  c m e  of s c a t t e r i n g  - the  de f l ec t ion  
of  charged p z r t i c l e s  by a uniform magnetic f i e l d .  The geometry of the  

c o l l i s i o n  is shown i n  Fig. 1. Here Ro is 
the  r ad ius  of a c i r c l e ,  ins ide  which the  

magnetic f i e l d  H = const (beyond t h i s  
c i r c l e  there  is no magnetic f i e l d )  ; p is 

the  p a r t i c l e ' s  angle of incidence; f is 
the curvature r ad ius  of the p a r t i c l e  in 
t h e  magnetic f i e l d  E. 

Fig, 1 

p = mvc ZeH,  (2) 

where m , V ,  Ze a re  respec t ive ly  the  m a s s ,  the  ve loc i ty  and the  charge 
of the p a r t i c l e ;  c is the  speed of l i g h t .  From geometrical aonsidera- 

t i o n s  w e  have 

Conputing dp / d e  f ron ( 3 )  a d  s u b s t i t u t i n g  i n t o  (l), we f i n d  

Since A is under the r ad ica l ,  the  following must be f u l f i l l e d :  

(5) a 2arctg(aa- I ) - % .  

Henc.e, at  Q < 1 any s c a t t e r i n g  angles are poss ib le ,  and f o r  4L >1 
t he  s c a t t e r i n g  angles 0 a r e  bounded by the quant i ty  

The dependence of the angle of s c a t t e r i n g  on t he  impact parameter 
computed by the formula (3 )  f o r  various a, I s  p lo t t ed  i n  Fig. 2.  

I n  the p a r t i c u l a r  case when c l e f ,  , t h a t  i s ,  when t he  i n t e n s i t y  
of the  magnetic f i e l d  is high, while the p a r t i c l e  energy is low, formula 
(4) gives 

../. 
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1 0 
2 2 

da = - Ro sin do,  (7) 

which coincides w i t h  the e f f ec t ive  d i f f e r e n t i a l  c ross  sec t ion  of p a r t i c l e  

s c a t t e r i n g  on an i n f i n i t e l y  hard sphere of r ad ius  Roo 
s c a t t e r i n g  f o r  p a r t i c l e s  of various energies  a re  shown i n  Fig.3 

The examples of 

Fig. 3 

Diffusion Coeff ic ient  of Charged 
-' -45 ' '' P a r t i c l e s  a t  t h e i r  Motion through Uniform 

Magnetic Fields . -  Let t he re  be many uniform Fig. 2 

magnetic f i e l d 6  bounded by c i rc les .  These f i e l d s  a r e  d i s t a n t  from one 

another by average value d. P a r t i c l e s  d i f fuse  through t h a t  system of 
magnetic f i e l d s  by w a y  of consecutive co l l i s ions .  Let  us f i n d  the  d i f fus ion  

c o e f f i c i e n t  K : 
x = '/2Atru. 

Here At, is  the t ransport  mean f r e e  path; V' is  the v e l o c i t y  of 
the  pa r t i c l e .  Since the problem is two-dimensional, the mul t ip l i e r  i s  2, 
The t ranspor t  length of the f r ee  path may be wr i t t en  i n  the form [3]: 

where N is the nuzber of s c a t t e r e r s  per  u n i t  of area;  8 is the  angle 
of s c a t t e r i n g  (QOS 8 is averaged by the  impact parameter);  6 3.6 the 
s c a t t e r i n g  c ross  sec t ion ,  which has the  length  scale fo r  the  two-dimen- 

s ional  oase 1 A, 
X t r  =As 
s c s t t e r i n g  is anisotropic ,  thE..t is i f  cos 0 f 0, 

is the mean path of the p a r t i c l e  between c o l l i s i o n s ;  

only i f  t h e r e i s  isotropy o f  s c a t t e r i n g  at  co l l i s ion .  If the  

A,, f A, too. 



Let us f ind  cos 0 .  

The un i t a ry  s c a t t e r i n g  of the  p a r t i c l e  is shown i n  F i g . l .  
Inasmuch as the  impact parameter p and the  incidence angle f are 
l inked  by the co r re l a t ion  p = Ro cos 

tr igonometric transformations formula (3) is brought t o  the  form 
and upon proper and sjmple 

sinZ 
cos0= 1 - 2  

aa-2amsB+i' 

It remains t o  in t eg ra t e  (10) over the  angle of incidence from 
0 

so as t o  f ind  the mean value of cos8. 

t o  a (  which corresponds t o  impact parameter v s r i a t i o n  from Bo t o  -Ro) 

T z k i n g  t h i s  i n t e g r a l  we obtain [4 ]  

- 
(12) cos 0 = 0 at 0' < a G i, 

- 1 
cOs0== 1-- at  l < a < = .  

QZ 

Subs t i t u t ing  (12) i n t o  (ll), we obtz in  

dz 

2Ro 
krr = A, = - at O < a d i  

and, consequently, according t o  formula (8)  

The di f fus ion  coe f f i c i en t  i s  then equal  t o  

.=-(->. vd2 mvc 

4 R o S  re61 

For u l t r w e l a t i v i s t i c  p a r t i c l e s  V'-+ c and mfc + E, where 

E is the  p a r t i c l e ' s  t o t a l  energy. Hence 



5.  

The magnetic f i e l d  H vector ,  perpendicular t o  t h e  propagation 

plane of charged p a r t i c l e s ,  may have two d i rec t ions ,  d i f f e r i n g  by t h e  

angle n. 
In  the  given case w i t h  great a the  d i f fus ion  will take place 

only when the magnetic f i e l d s  with both possible  d i r e c t i o n s  H are 

encountered equal ly  frequently. But whenever there  are  only magnetic 
fields of s i n g l e  d i r ec t ion ,  the charged p a r t i c l e s ,  d e f l e c t i n g  a t  each col-  
l i s i o n  towzrd the same s i d e ,  can no longer egress  from the  bounded region 
of space. 

Diffusion Coeff-Lcient of Charged P a r t i c l e s  a t  Motion through 

Mametic F i e l d s  of the Form H P M/rn. L e t  again magnetic formations 

be disposed a t  average d i s t m c e  d from one another. Now, however, t h e  
i n t e n s i t y  of the magnetic f i e l d  H decreases from t h e  cen te r  according 

t o  the law H = N/ rn , where M is a constant f a c t o r  and c Le t he  die- 
tance from the magnetic formation. 

a f f e c t s  s u b s t a n t i a l l y  the motion of the charged p m t i c l e ,  is'much lese 
then d. Let us f ind  the d i f fus ion  coef f ic ien t .  

We s h a l l  estimate t h i t  the  d is tance ,  over which the  f i e l d  H 

Let us consider the  motion of the  charged p a r t i c l e  i n  the  magne- 

t i c  f i e l d  H = M / r n .  
equation f o r  the t r a j e c t o r y  of the p a r t i c l e  

We obtain at once from t h e  law of torque 153, t he  

eM ecl c2 
(n f 21, (18\ --=- 

de  
ds (2-n)rn-*rnvc  mvc mu 

r2 - -+ 

where r, 8 are t h e  cy l ind r i ca l  coordinates of p a r t i c l e  motion; ds is 

an element of t r a j e c t o r y  length;  c1 and c2 are constants .  Since r2 (&/de) 
in (18) has the  length  dimensionality, any other  addend in t h i s  equation 

has  same. Hence eM/rn-*muc hzs t h e  dimensionality of length,  and, con- 

sequent ly ,  the quant i ty  ( e M /  muc)V(n-l) has t h e  same dimensionality,  If 
we introduce a new u n i t  of length* 

1 = (ehf / rnuc)l~n-I),  (49) 

* I n  the .particv.lcr c-ise when n = 3, i s  the  S torner  u n i t  ( see  below). 



6. 
c 

the  equations (18) w i l l  be dimensionless, t h a t  is, (18) w i l l  be wr i t t en  

i n  t h e  form 

where r l = r / l  a d  S I = = S / ~ .  

Let us ayFly the u n i t  of l ength  , introduced during the conside- 

r a t i o n  of p a r t i c l e  tr:.jectory in the  f i e l d  H = M/ rn, f o r  the descr ip t ion  

of the p r t i c l e  s m t t e r i n g  process by such a f i e l d .  

!Je s'n~ll  e x y e s s  the  s c a t t e r i n g  c ross  s e c t i o n  i n  units of 1 .  Then 
from forzulns (5 )  a d  (91 ,  we s h a l l  f i n d  the  d i f fus ion  coe f f i c i en t  

b x =  a2v "7%. 
2u(1 -cos e) 

The constant a(i-cos8) may be found 
i f  the t r a j e c t o r i e s  of motion f o r  var&ous 

Ifimpact parametersff are known. It should be 
-E  -4 -2 R 2 4 6 pointed out t h a t  t he  equations of p a r t i c l e  

p, I 
motion i n  f i e l d s  of the form H = M / r n  are 
not  in tegrable  i n  s implest  func t ions  and 

requi re  f o r  their so lu t ion  approximate 

Fig. 4 

m e t  hods . 
Iit n = 1, the quant i ty  2 as the u n i t  of length  l o s e s  i ts sense. 

T h i s  implies  t h a t  the f i e l d s  of type H =  M / r n  a r e  v a l i d  for charged 

p a r t i c l e  s c c t t e r i n g s  at any value of n. 
4s may be seen, the p a r t i c l e  can not egress from the  f i e l d  H = M / $  

no2 / r - l / r  is decreasing a t  n < 1. I n  t h i s  case t h e  cent r i fuga l  force 

with d is tance  f a s t e r  than H. The r e t en t ion  and the focusing of e l ec t rons  
by the  f i e l d s  H - M / r n  w i t h  n < 1 is u t i l i z e d  in betatrons.  (See E61 ). 

If n >1, t h e  cent r i fuga l  force  decreases w i t h  dis tance slower 

than  H and the p a r t i c l e  may d r i f t  t o  i n f i n i t y .  Consequently t h e  s c a t t e r -  

i n g  and d i f fus ion  processes of charged p a r t i c l e s  by f i e l d s  H = M / r n  can 
take place only for n > 1. 

3 A t  n = 3, the  magnetic f i e l d  H = M / r  , which corresponds t o  t h e  
d i s t r i b u t i o n  of the f i e l d  in t he  equa to r i a l  plane of the magnetic dipole. 



I ' +  7. 

The u n i t  of length  e t akes  the form 

1 = )reM / mvc. (21) 

Now M hzs t he  sense of a magnetic dipole .  If M is equal  t o  
the  Ea r th ' s  magnetic moment, t h i s  u n i t  is sometimes c a l l e d  Y5torrnerff. 

The author  h iuse l f  constructed a l l  t r a j e c t o r i e s  p r e c i s e l y  in these u n i t s  

of l eng th  C7] ( s e e  a l s o  [81 >. 
U t i l i z i n g  the t r a j e c t o r i e s  of charged p a r t i c l e  motion in the  

e q u z t o r i a l  plane,of the  magnetic d ipole ,  obtained by numerical i n t eg ra -  

t i o n  i n  [91,, we constructed the  dependence of the  s c a t t e r i n g  angle 8 on 
t he  impact pcararaeter p (Fig. 4). For 6 

grea t  values  of the  parameter p we 
have 8 = eo Cpo/ p)  2, where po is the  
value of the parameter a t  small def l ec t -  

i o n  of 80. 
yu 

Inasmuch as f o r  ~ 3 - 1 .  we have 6 - 4  -2 d 2.' 4 6 

dp/  de I %po& 8, then, cccording t o  
(11, d 6  = Mp0G#8-% de a d  t h e  ;-7.ve- 

Pun I 
Fig,  4 

raging In (20) g ives  for' p > po (tAJdng i n t o  account t h a t  e 0 4  1) 

The averaging for p e p o  is  e f f e c t e d  numerically according t o  
Fig. 4. I n  the final result we have 

x = (0,iB f 402) #u)rmuc / cM. (23) 
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